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Abstract. The aim of this note is to prove that monoids Mon(a, b : aUb = b), 
with aUb of relative length 6, admit finite complete rewriting systems. This is 
some advance in the understanding the long-standing open problem whether 
the word problem for one-relator monoids is soluble. 



1. Introduction 

The word problem for one-relator semigroups is still an open problem. The 
biggest advance in this is due to the school in Moscow established by Sergei Adian. 
Adian and his students proved that the word problem for one-relator semigroups 
can be reduced to the cases Mon(a, b : aUb = bVb) and Mon(a, b : aUb = b). The 
good reference to their results is the survey paper 1 . The papers of Kobayashi [S] 
and Zhang [6^ prove how powerful are the rewriting systems to work with one- 
relator monoids. In particular there is an open problem which naturally arises from 
the work of Kobayashi: 

Open Problem 1.1. Does every one-relator monoid admits a finite complete 
rewriting system? 

For more details about rewriting systems we refer the reader to [2]. 

Our objective in this paper is to continue the work started in [3], in which we 
prove that every monoid Mon(a, b : a"b^a^b^ — b) admits a finite complete rewriting 
system. The proof of this results is quite easy unlike our main result of this note 
where we consider the monoids Mon(a, b : aUb — b) with aUb of relative length 6. 

Most importantly, at the end of the note we put some conjectures which might 
shed some light on how to attack further the word problem for one-relator monoids. 

2. Main Result 

Main Theorem. Every monoid Mon(a, b : a°'b^ a^b^ a'^b'^ = b) admits a finite 
complete system. 

Proof. We may assume that a°'b^a''b^a^b'^ has overlaps with itself. Consider first 
the case when the overlap includes b^a'^ . 

Case 1: a^^b^ a'b^ a'^b'P = aPb'i+' a'+'P%'i+'' a^'+P^' for some p,s,/c > 1, g > and 
< r < p 

We will consider the following four subcases: 
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Subcase la: s = 1 

The required finite complete system for our monoid is as follows: 

oFb'i+^ar+^'b 6«+ia'^+f < i < fc - 1. 

Subcase lb: s > 1 and r > 

Then the monoid admits the following finite complete system: 

aPbl+^a^'+P'b ?,9+lar+pfc^s(^g+a-l^r+pfe^3+s^r+pfc^s-)fc-l-i^ < Z < fc - 1. 

Subcase Ic: s > 1, r = cind fc = 1 

M admits the following finite complete system: 

a^b' X 
x^xWx -> b 

Subccise Id: s > 1, r = and k>2 

Our relation reads as a^b'^+^a^'^W+^aP'^b^ = b. We add a new letter x = a^^b^. 
Then aPbi+^xb^x = b. 

Also: aPC^-i)^ = a^'^b'i+^xb'ix = xb^xb^x. In particular, n'PxV'xV'xh'-'^ = 
gpk^s ^ ^_ gjjjj.g aP6.69+s-ia;69a; = 5, we have that a^fe = xh" .v.h'i x[h'i+^-\r.UKr.'f -'\ 
This yields 

6 = aFb'i+'x¥x = x¥x¥x{¥+'-^x¥xf-'^ ■ b'^+'-^'xb'^x 
= xb''xb''x{b''+'-^xb''x)''-K 

The last relation implies the following two consequences: 

xb'ixbH{b''+'-^xb''xf-'^b'>+' = x¥x¥x{b''+'-^xb'ixf~H'i+'-^ ■ b = 
xb''xb''x{b'^+'-^xb'^x)'"H'^+''-^ ■ xb''xb''x{b'^+'-^xb'ixf-^ = 
xb'ixb''x{¥+'-^xb''xf-^ ■bH{b'^+'-^xb'ixf-^ = b'^+^xjb'^+'-^xbHf-^ 

and 

x¥xb'ix{b'i+'-'^ xb'ixf-'^W+'-^ xb'i+^ = 

xb'ixb'ix{b''+'-^x¥xf-^b'i+'-^xb'i ■ xb'ixb'ix{¥+'-^x¥xf-^ = 
xb'ixb'ix{b'i+'-^xb''xf-'^ ■b''xb''x{b'i+'-^xb'ixf-'^ = b''+'^xb'ix{b'i+'-^xb''xf-'^. 
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The underlined relations give us the following rewriting system, defining M: 

oFb xb'ixb'ix{b'i+'-^xb''xf-^ 

x¥xb'ix{b'i+''-^xb'ixf-'^ b 

xh'ixb'ix{¥+'-^xh^xf-'^b'i+' 6'?+\t(&'?+"-i.t6'',t)'=-i 

xb'^xb'^x{W+'-^xb''xf-'^W+'-^x¥+^ W+^xWxi^+'-^xbHf-K 

If g < s — 1, one readily checks that this system is confluent and noetherian (re- 
gardless whether q> 2 oi q = 2). 
If g > s — 1, then 

oFxb'i+'^ = xb''-^"-^'> x{b''+'-'^xb''xf-'^ 
afa;6«a;6«+i = xbi-'^'-^^xbix{b'^+'-'^xb'>x)''-'^ 
and adding the rules 

afx6«+i ^ xb'^-^'-^'>x{b''+'-^xb'^x)''-^ 
aPxb'^xb'^+^ x&'?-(""i)a;6''a;(&'?+"-ix6«x)'=-^ 
to the system, wc obtain the required finite complete system. 

Case 2: a"bl^ a<b^ a^b^ = aPb'i+'a'b^a'+P^b^ for some p, s, > 1, g > 0, < r < p 
and 7, ^ > 1 such that either ^ ^ r + pk or 5 ^ q + s 

Subcase 2a: r > and s = 1 

The conditions of this subcase translate as aPb"^^^ a'b^ a^'^^'^b = b. We can turn 
this to the following equivalent system: 

aPb'^+^a?b^aP''+''b b 

aPb''+^a''b^aP'+''b b^+^a^b^aP^'+^^+^'b, 0<i<k-l. 

If 7 ^ {p + r, . . . ,p{k — 1) + r} oi 5 q + 1, then this system is complete. So let 
us assume that 6 = q + 1 and 'y = px + r where 1 < a; < — 1. Then our obtained 
system translates as 

aPb'^+^aP''+'^b'^+^aP'+''b b'^+'^aP''+'^b'^+^aP^'+^'>+''b, < i < fc - 1, 

which has a particular rule aPbi+^aP='+''bi+^aP''+''b bi+^aP''+''bi+^aP^''+^^+''b. 
Overlapping it with the first rule, we get a new rule 

aP69+laP(^-l)+'-6 59+laP^+r-59+laP(cc+l)+r59+l^pfc+r^_ 

Overlapping it consecutively with the first rule, we obtain: 

aPbi+'^aP^+^'b -s- 6«+iaP^+''6«+^aP(^+^)+''6«+^aP(^+'=-^+^)+''6, < j < a; - 1. 

Some of the previous rules become consequences of these newly obtained, and one 
checks that the following system is complete: 

^Pf^g+i^px+rf^q+i^pi+rf^ 69+^aP^+''69+^aP('+^)+''6, x<i<k-l 

aPbi+^aP^+^'b 59+iaP^+'-59+iaP(^+i)+'-59+iaPO+fe-^+i)+'-5^ < j < 
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Subcase 2b: r > and s > 1 

As in Subcase 2a, our system generates 

If 7 ^ {p + r, . . . ,p{k — 1) + r} ov 5 ^ q + 8, then this system is complete. So, let 
5 = q + s and 7 = pa; + r for some 1 < a; < — 1. Then our system can be turned 
to the following complete system: 

aPb'i+'aF''+''b''+'aF'+''b iq+i^px+r^q+s^pk+r^s^^q+s-i^px+r^q+s^pk+r^s-^k-i-i ^ x<i<k-l 

l^g+s-l^pk+rj^a^l^q+s-l^px+ri^q+s^pk+rj^s-^x-l-j^ Q < j < X - 1. 

Subcase 2c: r = and A; > 1 

Letting a^b'^^'' = x, a^b^ = y and a^'^b^ = z, together with the rule xyz — b, we 
get the following equivalent system: 

a'^b^ y 

aFzb'^yzb'-^ z 

oFx zbi{yzb''+'-'^f-^ 

aFb zbi{yzb''+'-'^)''-^yz 

xyz — > b 

zb^yz^+'-^f-^ X 

xyx ¥+^{yzW+'-^f-^ 

xyb ¥+^{yz¥+'-^f-^yz. 

li q < s — 1, then this system is complete. If g > s — 1, then we add to this system 
two rules 

aFz¥yx z¥-'^'-^\yz¥+'-''f-'' 
aFz¥yb -s- z¥-^'-^\yzb'^+'-^f-^yz, 

and the new system becomes complete. 
Subcase 2d: r = and k = \ 

Letting 0^6* = x, we obtain the following equivalent system: 

aF¥ X 
x¥a'b^x b 
xb''a'b^+^ b-^+^a^b^x. 

If 7 < p, then the system is complete. So, we may assume that = pt + u where 
t>l and < u < p. 
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Consider first the case when u ^ 0. If (5 < s, then we get the fohowing complete 
system: 

an' X 

xb''aP*+"b^x b 
xb''aF'+''b^+^ ^ b'^+^aP'+'^b^x 

xb'iaP'+^x b''+^aP^+''b^xb'-^^+^\b''aP'+'^b^xb''-^y-^-\ 0<i<t-l 

xb'^aP'+^'b 6«+iaf*+"6''a;5"-('^+i)(6«aP*+"6''a;6''-i)*-i-'6«a^'*+"6'^a;, 0<i<t-l. 

If (5 > s, then we get the following system: 

aPb' X 
a;;,9aP(t-i)+«a;5'5-«a; ^ 

Ifg < i5 + l — s, then this system is complete, li q > d + 1 — s, then we add the 
following rules to the system and the resulting system will be complete: 

x^aP'+^'b 6«+la^'(*^l)+"a;6''~"a;6«-('^+l-'')a^'(*^l)+"a;6''-^T • 

(59+s-iaP(t-i)+«^5<5-«a.)t-i-i^ < i < i - 1 



xb'^aP'+^'x 6«+iaP(*-i)+"a;6''-^a;6«-(''+^-*)aP(*-^)+"a;6' 
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We are left with the case when u = 0. First consider the case when t>2. We have 
the following equivalent system (with a new a;): 

aP^^aPb' X 
aPb'^+'x b 
aP%^+^ ^ xb'ix. 

lid > q + s, then this system is complete. If 5 < q + s — 1, then we get the following 
complete system: 

aPb x¥xb'^+'-^^+^\b''+''-^xy-^ 
aPxbixbi+'-'^xb''xb''+'-^^+'^\b''+'-'^xY-'^b'-'^ x 
xbixbi+'-''^+^\b''+'-'^xy-'^b''+'-'^x b 

aPxb'^xb'^^'-'^ xb'^x. 

Finally, let t = 1. If 5 < s, then we obtain the following complete system: 

aPb' X 

xWaPb^x b 

xb'^aPb^^^ b''+\Pb^x 

^ b'i+^aPb^xb'-^^+^'i 

xbi+'-^ bi+^aPb^xbi+'-'-^+^^aPb^x. 

Let S > s. We get the following system: 

aPb' X 
x¥xb^-'x b. 
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Recall that 5 — s ^ q. li q < 5 — s + \, 
system: 

xb'^xb^-''+^ 



then we obtain the following complete 



b 

b'^+^xb^-'x. 



If g > (5 — s + 1, then we add to this system the rule 

^ b''+^xb^-''xb'^-^^-'+^^ 
and the system becomes complete. □ 

3. Concluding Remarks 

Carefully observing the cases in the proof of our main result and the cases from 
the proof of the main result in [3] , we noticed that each monoid under consideration 
has at most quadratic Dehn function and linear space function, so we raise the 
following 

Open Problem 3.1. Is it true that every monoid Mon(a, b : aUb ~ b) has at most 
quadratic Dehn function and linear space function? 

We should note that using the method of word diagrams, it can be quite prob- 
lematic for the monoids Mon(a, b : aUb = b) to find the corresponding Dehn or 
space functions. The reason is that if two words u and v over {a, 6} are equal in 
Mon(a, : alJb = b), then there exists a word w G {a, &}+ which can be obtain 
from u only by successive insertions b — s> alJb, and so that v can be obtained from 
w only by successive deletions alJb — > b. Even though, on one hand this makes 
the diagrams look quite easy, on the other hand it is not clear how to unfold the 
regions touching the longest path in the diagrams. 
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